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Caustics are a common occurrence in optics, describing the bright lines seen in a well-lit

coffee cup or the dancing networks of light seen at the bottom of a swimming pool on
a sunny day. Recently, caustic formation in electron trajectories was identified as the

mechanism driving strong current modulations in accelerated charged-particle beams.

Under certain conditions, neighboring electron trajectories coalesce to form caustics,
resulting in current spikes. Caustic lines and surfaces are regions of maximum electron

density, and are often witnessed in accelerator physics as folds in the transverse or

longitudinal phase space distribution. Knowledge of caustics can allows us to shape the
longitudinal beam shape to our advantage.
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1. Caustics in Accelerator Physics

On occasion, phenomenon encountered in other fields of physics find themselves an

equivalence in accelerator physics. Caustics are one such example. Within the fields

of optics and electron microscopy, caustics are commonly recognized and are well-

understood. The same effect can be seen in various accelerator physics scenarios,

although it might not be refereed to by the name caustics. Instead of rays of light

reflecting or refracting, relativistic particle trajectories can be focused and defocused

to form an envelope of trajectories associated with current peaks.
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1.1. What are caustics?

Caustics are a form of ‘natural focusing’, whereby particle trajectories coalesce to

form regions of greatly enhanced charge density.

In optics, caustics appear as the bright lines that can be seen in a well–lit coffee

cup as shown in Fig. 1, or the dancing networks of light appearing at the bottom of

swimming pools on a sunny day1,2. Figure 1b shows how the reflected rays of light

in the coffee cup coalesce to form the bright line tracing out a cardioidal shape.

Recently published work considered applications of caustics to accelerator

physics3. One such example, which is explored further in Sec. 2, is current horns

that can appear in strong bunch compression4.

1.2. Tell-tail signs of caustics

In his book “Natural Focusing and the Fine Structure of Light”2, Nye described

the intensity profile along a line crossing a caustic. At the position of the caustic,

in ray theory of light, a singularity is encountered. Moving away from the caustic,

the intensity of the light drops away rapidly, following the relationship, I ∝ d−1/2,

where d is the position away from the caustic (Fig. 1c).
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Fig. 1. Optical caustics, which are analogous to electron–trajectory caustics found in accelerator
physics. (a) image of caustic lines appearing in a coffee cup. (b) illustration of light rays forming

the caustic (red line), and (c) intensity of the rays in the vicinity of the caustic

Numerous examples in accelerator physics exhibit the same steeply rising linear

charge density, with a sharp drop off (similar to Fig. 1c). Some examples can be seen

in References5–10. These sharply rising current profiles appear from folds in phase

space being projected onto the x, y, or z axes (where x, y, and z are transverse and

longitudinal position coordinates). An example is shown in Fig. 2. Similarly if the

longitudinal phase space where projected onto energy axis, spikes can be witness in

the energy spectrum which are also caustic in nature (For example, see11).

1.3. Caustics in Partilce Trajectories

A caustic expression has been previously derived4. This parametric expression de-

scribes the longitudinal position of the caustics for a given set of control parameters,
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(a)

(b)

Fig. 2. Folds in the longitudinal phase space distribution correspond to spikes in the associated

current profile.

R56, T566, and U5666 (i.e. the first-, second-, and third-order longitudinal dispersion);

z̃(zi) = zi −
δ(zi)

δ′(zi)
− T566δ2(zi)− 2U5666δ

3(zi) (1a)

R̃56(zi) =
−1

δ′(zi)
− 2T566δ(zi)− 3U5666δ

2(zi), (1b)

where δ(zi) is the shape of the initial longitudinal phase space (or chirp), often

described by a high-order polynomial and δ′(zi) is the derivative with respect to zi.

When a bunch is subjected to strong bunch compression, often the compressed

bunch will exhibit a double-horned current profile (e.g. Fig. 2). These current spikes

are detrimental to FEL performance, leading to greater CSR which can increase the

horizontal projected emittance12,13.

The caustic expression [Eq. (1)] describes where (i.e. at what longitudinal posi-

tions, z) and under what conditions (i.e. at what values of R56, T566, etc.) caustics

will form. Figure 3 shows the caustic expression [Eq. (1)] as a function of R56

for various values of T566 and U5666 evaluated with an initial bunch that can be

described by the first-, second-, and third-order chirp values: h1 = 81.06 m−1,
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h2 = 5929.08 m−2, and h3 = 1.30 × 108 m−3. Each plot in Fig. 3 is a catastrophe

of codimension 2, named a cusp. Just as was shown in the coffee cup example, the

cusp involves two fold caustic lines meeting, and at the point of meeting, the two

caustic lines share the same tangent.

The current profiles associated with the three plots in Fig. 3a, at an R56 value

of −11 mm, is shown in Fig. 3b-d. It is evident that the current profile shapes vary

greatly depending upon the value of T566. This information can be gleaned from

Fig. 3a where the caustic lines are shown to skew with changing T566 value.

Typically, varying T566 has the property of varying the charge distribution from

either the head of the bunch to the tail or vice versa. For example, if two current

horns are present, tweaking T566 can change the relative heights of the two peaks.

Taken one step further, if T566 is increased or decreased to a larger degree, the size

of the two peaks becomes so disparate that the second smaller peak disappears.

(a)

(b) (c) (d)

Fig. 3. Top: Caustic expression evaluated for three possible bunch compressors characterized by

T566 and U5666. In each case the bunch entering the compressor has the following properties,

h1 = 81.06 m−1, h2 = 5929.08 m−2, and h3 = 1.30 × 108 m−3. b) Histogram of charge density
evaluated at R56 = −11 mm, and for T566 = 20 mm and U5666 = −0.15 m. c) Histogram of charge

density evaluated at R56 = −11 mm, and for T566 = 80 mm and U5666 = −0.15 m. d) Histogram
of charge density evaluated at R56 = −11 mm, and for T566 = −30 mm and U5666 = 0.71 m.

Figure 4 also shows the caustic expression [Eq. (1)], evaluated for the same

bunch properties as that shown in Fig. 3, that is: h1 = 81.06 m−1, h2 = 5929.08



December 22, 2017 17:55 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in Charles˙NOCE2017 page 5

5

m−2, and h3 = 1.30 × 108 m−3. However the difference between Fig. 3 and Fig. 4

is largely due to the larger value of U5666 used in Fig. 4. In Fig. 4, T566 = 0.015

m and U5666 = 4.6 m. This results in what is known as a butterfly catastrophe14.

Despite being significantly more complex than the cusp catastrophe shown in Fig. 3,

both catastrophes shown in Figs. 3 and 4 are calculated using the same expression,

Eq. (1), evaluated with different values of T566 and U5666.

The caustic expression can predict the position of the current spikes in both

Fig. 3 and Fig. 4 without needing to track many individual particles and inspect

the result.

2. Current Profile Shaping

As mentioned previously, current horns experienced in FEL linacs can cause CSR-

induced emittance growth and degrade FEL performance12. The influence of CSR

is particularly detrimental when these sharp current peaks are present as the rate

of change of energy induced by CSR is propotional not only to the peak current

value but also to the derivative of the current profile15.

Through considering of the underlying dynamics as caustic, this reveals options

for current profile shaping to avoid the current horns forming. Being catastrophric

in nature, this indicates that only slight deviations in the chirp away from linear

can result in these strong peaks forming. Equation (1) also indicates that it is not

solely the second- and third-order chirp that are responsible for the current horns,

but also the influence of T566 and U5666.

The boundaries between the regions of parameter space where caustics will and

will not form can be calculated using the following expression that was derived in

Reference3, as the following:

f(R56,T566, U5666, h1, h2, h3; zmin/max) =

1 + h1R56 + 2h2R56zmin/max

+ 3h3R56z
2
min/max + 2T566h

2
1zmin/max

+ 6T566h1h2z
2
min/max + 3h31U5666z

2
min/max. (2)

where zmin/max are the maximum and minimum values of the initial bunch, Rij ,

Tijk, Uijkl are the elements of the first–, second– and third–order transfer matri-

ces, respectively. Where f(R56, T566, U5666, h1, h2, h3 ; zmin/max) = 0, defines

the boundaries between the regions of one and zero caustics expected, as well as

boundaries between regions of catastrophes of codimension one or two forming.

Therefore, for a particular scenario where the first-order chirp of the bunch and

R56 of the compressor are known, we have two methods for creating conditions

under which caustics (and the associated current horns) cannot form, in accordance

with Eq. (2). The first is through manipulating T566 and U5666 of the compressor.

The second is altering h2, h3 of the incoming bunch. The following section details

an example utilising the second approach.
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(a)

(b)

(c) R56 = −11 mm (d)R56 = −11.5 mm

(e)R56 = −12 mm (f) R56 = −12.75 mm

Fig. 4. The caustic expression calculated for a bunch compressor with T566 = 0.015 m and

U5666 = 4.6 m, and with a bunch entering the compressor with the properties of h1 = 81.06 m−1,
h2 = 5929.08 m−2, and h3 = 1.30 × 108 m−3. (a) Caustic expression (green, bold) overlayed on

many individual trajectories (blue) and (b) without the individual trajectories for clarity. Also
included in (b) are vertical lines marking R56 values equaling −11 mm, −11.5 mm, −12 mm, and
−12.75 mm. (c)-(f) Histograms of the charge density along the bunch for the various values of
R56 indicated by the vertical grey lines shown visible in (b). Note that each peak in the charge

density histogram is predicted by the caustics expression shown in (b).
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2.1. Example Application

In this section we consider an S-band linac for an FEL, where the bunch compression

is shared between two chicane compressors. Figure 5 shows a schematic of the

linac layout, including the bunch compressors’ longitudinal dispersion values, both

for the standard 4-dipole chicane (BC1) and also for when an octupole magnet is

included in the first bunch compressor. An X-band (12 GHz) harmonic cavity is

placed for BC1 in order to cancel the second-order effects of bunch compression.

With the addition of the harmonic cavity but with no other measures (e.g. without

measures such as collimation) double-horn current profile often emerges after the

second bunch compressor (BC2).
Without octupole:

R56 = �86.50 mm
T566 = 130.83 mm
U5666 = 3.30 m

With octupole:
R56 = �86.50 mm
T566 = 130.86 mm
U5666 = �173.0 mm

R56 = �19.38 mm
T566 = 29.10 mm
U5666 = �38.76 mm
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Injector
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Linac1
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Undulator Section
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Injector
Gun
BC1
Linac1
BC2
Linac2
Dogleg
Undulator Section
Experimental Station

R56 = �86.50 mm
T566 = 130.83 mm
U5666 = 3.30 m

Without octupole:
R56 = �86.50 mm
T566 = 130.83 mm
U5666 = 3.30 m

With octupole:

Without octupole:
R56 = �86.50 mm
T566 = 130.83 mm
U5666 = 3.30 m

With octupole:

Without octupole:
R56 = �86.50 mm
T566 = 130.83 mm
U5666 = 3.30 m

With octupole:
R56 = �86.50 mm
T566 = 130.86 mm
U5666 = �173.0 mm

Fig. 5. FEL linac layout schematic, including the longitudnal dispersion values for the two options
for the first bunch compressor (BC1) and the dispersion values for the second bunch compressor

(BC2).

Using Eq. (2), with the properties of BC2: R56 = −19.38 mm, T566 = 29.10

mm, and U5666 = −38.76 mm, where the bunch approaching the bunch compressor

has a first-order chirp of h1 = 44.87 m−1, the boundaries between the caustics and

non-caustics regions can be calculated. Figure 6 shows the resulting expressions

plotted over a range and domain of second-order and third-order chirp values.

Also shown in Fig. 6 is the initial working point, which was calculated through

simulations to be (h3, h2) = (1.30×108 m−2, 3893.8 m−3). This places the working

point in the region where we expect to see the double current-horn profile forming,

and indeed current horns are seen in simulations results (as shown later in Fig. 7c).

Through adding an octupole with a normalized field strength of K3=-1007 m−3

to BC1, the longitudinal phase space distribution is altered, with the third-order

component of the chirp being most strongly influenced. Passing through Linac 2,

also alters the second- and third-order of the bunch through the influence of the

longitudinal wakefields. Nevertheless with the addition of the octupole in BC1, the

third-order chirp is reduced to a large enough degree, that the bunch arriving at

BC2 has the property of (h2, h3) = (0.83× 108 m−2, 4425.2 m−3). This places the

working point in the non-caustic region of Fig. 6.
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Fig. 6. Regions of h2, h3 space where single, multiple, or zero caustics are expected to be found.
Position (1) indicates the working point of the standard 4-dipole chicane where R56 = −19.38 mm.

Through addition of an octupole to BC1, the working point can be moved from position (1) to
position (2) which lies in a non-caustic region, and therefore is a working point for which current

horns will not form.

Particle tracking simulations were written in “Electron Generation and Track-

ing” (elegant) software toolkit16, to test this theoretical analysis. Figure 7 shows

the the longitudinal phase space and associated current profile at the end of linac

2 without and with the inclusion of the octupole in BC1. With the absence of any

higher-order magnets in the chicanes, the current spikes are clearly visible in Fig. 7c.

After the inclusion of an octupole in the low-energy compressor, the current spikes

have been suppressed, resulting in a more uniform current profile (see Fig. 7d).

Figure 8 shows the slice properties (slice emittances, mean x′ position, and mean

x centroid position) for this S-band example. Again the data shows the two cases of

without and with the inclusion of an octupole in BC1. The slice emittance in x and

y is maintained between the two cases. However Fig. 8c shows that the x-centroid

position remains closer to zero for the case of the second layout where the octupole

in used. This results in the overall lower projected horizontal emittance.

Table 1 lists the beam properties at the end of linac 2 for the two configurations.

Included in the table are the emittance values (both projected and slice), showing

that it is possible to reduce the projected emittance by 48.45% with an octupole

included in BC1.

It should be noted that inclusion of an octupole in a dispersive region is just

one method of suppressing current horns through this caustic approach. Alterna-

tive solutions are discussed in Sec. 2.2. It can also be noted that placing a single

octupole in a chicane causes the T166 and T266 to no longer go to zero at the end

of the bunch compressor. Due to the large correlated energy spread, this resid-

ual horizontal dispersion terms can create a slice variation of the twiss parameters

along the bunch which can lead to emittance growth (although the overall effect of

removing the current horns is still a reduction in the emittance, see Table 1), and

could make matching of the beam to the undulator section more difficult. Promis-

ing alternative methods for manipulating U5666, which avoid slice variation in the

Twiss parameters, are currently being investigated.
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Fig. 7. Longitudinal phase space distribution and current profiles at the end of the S-band linac

without CSR or laser heating included in the simulation for (a) without any multipole magnets
and (b) with an octupole included in BC2. Note the head of the bunch corresponds to negative

values of longitudinal position.

Table 1. Beam properties at the end of the final linac section, for the Baseline
layout and Layout 2 which includes the octupole in BC1.

Parameter Symbol Units Baseline Layout 2

Bunch length σz µm 7.80 7.78

Energy spread σ∆E/E % 0.0183 0.0157

Total compression ratio CR - 103.75 103.38

Bunch charge Q pC 250 250
Electron energy E GeV 6.46 6.46

Projected horizontal emittance εn,x mm mrad 1.241 0.836

Mean horizontal slice emittance εs,n,x mm mrad 0.422 0.357
Projected vertical emittance εn,y mm mrad 0.281 0.281

Mean vertical slice emittance εs,n,y mm mrad 0.242 0.248

2.2. Alternative Solutions

In the previous section, we outlined one method to find a non-caustic solution as

defined by Eq. (1). From Eq. (1), we can see that the control parameters are

R56, T566, U5666, h1, h2 and h3. Therefore in order to control how or if caustic

current spikes form, we can modify either the optics of the dispersive region (R56,
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Fig. 8. Slice properties of the bunch at the end of the S-band linac for without an octupole (•),
and with an octupole (*) in BC1. The x centroid offset and the variation in x′ along the length

of the bunch cause increased projected emittance growth of the baseline design.

T566, and U5666), or the properties of the bunch entering the dispersive region (h1,

h2 and h3). In the previous section, we altered h3 (and to a lesser extent h2)

through changing the optics of the compressor upstream. Collective effects, such

as wakefields and space charge forces, also influence these higher-order components

of the chirp and should be taken into account when manipulating the chirp at one

position along the accelerator to achieve a particular chirp at a later stage of the

accelerator. Aside from adding sextupole or octupole magnets to a dispersive region

upstream of the compressor of interest, there are other mechanisms that could alter

the bunch properties to achieve a similar effect. For example the choice of RF

phase in a harmonic cavity can significantly influence h2, but will also influence h3.

Another approach could be to include a dielectrically lined waveguide to alter h2
and/or h3.

As mentioned earlier, T566, and U5666 could be directly manipulated through

placing sextupole and/or octupole magnets placed in a dispersive region. A recent

publication detailed this option for both an X-band and an S-band linac3. Finally

there is an option for dividing this longitudinal phase manipulation over two or

more dispersive sections. These are just a few of many possible techniques that

could be employed to enhance or avoid caustics as necessary.
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3. Conclusion

These proceedings summarize what caustics are and how they present in accelerator

physics. An example of beam shaping using caustic theory was presented, showing

how a double-horned current profile could be shaped into a more uniform current

profile. This was achieved through consideration of the underlying caustic formation

and altering the high-order components of the chirp of a bunch entering the bunch

compressor.
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